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1. INTRODUCTION AND SUMMARY 
For a function f defined on the closed interval [0, l] of the real x-axis 
the expression 
(1) 
where 
P9&) = ; 0 Xk( 1 - 2)“~k (n=l, 2, . . . . k=O, 1, . . . . n), 
is called the Bernstein polynomial of order n of the function f. It is well 
known that if f E C[O, 11, the space of all real functions f defined and 
continuous on [0, I], then 
uniformly on [0, 11. There is an extensive literature on the speed with 
which &(f; x) tends to f( z as n + 00. For instance, Popoviciu [3] proved ) 
as early as 1935 that for all f E C[O, l] and for n= 1, 2, . . . 
where qf ; 6) (6 > 0) denotes the modulus of continuity of f. We remark 
that it is possible to improve considerably on the constant $ appearing 
in the right-hand side of (2), see e.g. Lorentz ([2], p. 20) and Sikkema 
([5], [S]); Sikkema [6] found the best constant, viz. 
4306 + 8371/6 = 1 0898873 
5832 ’ 
. . . . 
For f E Ci[O, I], the space of all real functions f defined and continuously 
differentiable on [0, 11, the following result is due to Lorentz ([2], p. 21). 
For n=l, 2, . . . one has 
232 
o(f’; 6) (6>0) d enoting the modulus of continuity of f’. Again, it is 
possible to improve on the constant 2 in the right-hand side of (3). Con- 
cerning this the reader is referred to a report by Schurer and Steutel 
[41- 
The object of the present paper is to supply various estimates of a 
type similar to (3). Assuming f E Cl[O, l] we shall assess the difference 
IJMf; xl-ff( x )I in terms of the modulus of continuity of f’, with 6 = I/n, 
i.e. o(f’; l/n). The main result that will be derived in this paper reads 
as follows. For all *) f E Cl[O, l] and all x E [0, l] one has 
(4) 
where 
IWf; 4 -f(z)1 SC&) 0 (f!; i) , 
(5) 
x(1-x) 
G&(z)= 2 +&l-a) (oL=nx- [nx]), 
[nx] denoting the largest integer not exceeding nx. Moreover, the values 
of en(x) as given in (5) are best possible in (4). 
2. A FIRST ESTIMATE FOR l&(f; X)-f(X)) 
Assuming f E Cl[O, 11, in this section we shall derive a first estimate 
for the difference I&(f; x) -f(x)1 in terms of o(f’; l/n). 
Let x E [0, l] be arbitrary but fixed and let 6 be an arbitrary positive 
number. Taking into account that 
(6) $. Pnk(4 = 1, $. (; -x) Pnk(X) = 0, 
and using a well-known property of the modulus of continuity one easily 
verifies that 
Mf; 4-f@)I=I Ii{f (~)-f(z))p.r(x)l=I~~Pnr(s)~(f’(t)- 
kin k/n 
-f’(x)) 4 Q ,lk,m~z,<d I .j (f’(t) -f’(x)) 4iwx) + 2 I s (f’(t) - 
I(W)-xi>d x 
-f’P))4P)nk(4~4f’; 4 z I ‘c -xlpn&)+O(f’; 8) 2: 
I(k/n)--zl<d n I(k/n)-xl>d 
*) Clearly, linear functions are of no interest in this respect, aa for these functions 
both sides of (4) vanish. Therefore we shall disregard them in the sequel. 
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The second sum between the brackets can easily be evaluated. One finds 
In order to evaluate the first sum in (7) we need the following lemma. 
0 
LEMMA 1. With the usual convention that 
has 0 I = 1, for all x E [0, l] one 
(9) (n=l, 2, . . . . Z=[nx]). 
(10) 
(11) 
(n=l, 2, . ..). 
PROOF. Sikkema proved in [5] that for integer r (0 < T < n) and r/n < x Q 1 
$o(~- i)pnr(x)= ~~2)xr+l(1-x)~+, 
and that for integer s (0 <s<n) and O<x<s/n 
Taking r=[nx] and s=r+l we arrive at (9). 
Using the positivity of the Bernstein operator, inequality (10) follows 
from the inequality 
(12) 121-x1 <a(u-x)2+ d (a> Oh 
with a= +vn/x(l -2) and the fact that the Bernstein polynomial of the 
right-hand side of (12) equals vx(l -x)/n. Finally, (11) follows from the 
central limit theorem : 
We omit further computational details. 
Putting 6 = l/n in (7), and taking into account formulae (8) and (9), 
we obtain the following theorem. 
THEOREM 1. For all f E Cl[O, l] and n=l, 2, . . . one has 
(13) I&(f; 4--f(4I<&w f3 (f’: 3 2 
16 Indagationes 
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where 
(14) 
x(1-x) 
&&(4=7+2 
n-l 
( > 1 
x1+1( 1 -q-z (Ogzgl; Z=[nx]). 
COROLLARY 1. Observing that x(1 -5) G $ on [0, 11, it follows from 
(9), (10) and (14) that 
1 
max 
O<Z<l 
E&)9&+ I 
2vn 
(n= 1, 2, . ..). 
Moreover, in view of (ll), we have 
max e,(x) N i-t 1 
V2nn 
(n --f 00). 
O<z<l 
3. AN IMPROVEMENT OF THEOREM 1 
In this section we shall be concerned with an improvement of theorem 1. 
For each fixed n let cn be the infimum of the set of all numbers C, for 
which the inequality 
I&#; +f(X)Idn 0 (f’; ;) 
holds for all nonlinear f E Ci[O, l] and all x E [0, l] (cf. footnote on p. 2). 
If we define for each fixed x E [0, l] 
(15) c,(x)= sup 
VMf; 4-fWI 
cc) y;; 
( ) 
(n= 1, 2, . ..). 
MAO. 11 
then obviously 
(16) cm= sup c&r) (n=l, 2, . ..). 
of3ea 
In order to determine the quantities cn it is useful to note at the outset 
that the value of cs is not affected if in (15) we replace suptc 01 by sup,,x 
where K is the set of continuous functions that have a bounded derivative 
which is continuous in [0, 11 with the possible exception of finitely many 
jump discontinuities. Assuming 6 to be an arbitrary positive number we 
define 
Kd={flf~ K, O<u)(f’; 6)<1}. 
The condition w(f’ ; 6) G 1 is only a matter of scaling ; for the condition 
o(f’; 6) > 0 we refer to the footnote on p. 2. 
The following lemma plays an important role in determining the 
functions c%(x) as defined in (15). We do not give a proof of the lemma 
here ; for this the reader is referred to [a]. 
LEMMA 2. Let n be an arbitrary positive integer and let x0 E [0, l] be 
fixed. Then 
(17) yf I&(f ; x0) - f(xo)l = a#; x0) -@Jo), 
d 
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where f is for all x E [0, l] determined by 
(18) P(x)=j+S (jS<x-x,<(j+l)S; j=o, & 1, f 2, . ..). 
up to an additive constant, which does not agect the value of Bn(f; x0) -f(x,-,). 
The function f will be called extremal; it contains 6 and x0 as parameters. 
As for the extremal functions w(f’; 6) is equal to 1, we shall from now 
on restrict ourselves to functions f with u(f’; 6) = 1. 
Let I?jxo) = 0 and let 6 = l/n. Writing /n instead of f, in view of lemma 2 
we have 
(19) t(4=tlx-~ol+ Jgl (lx-x01 - ;)+, 
where, as usual, a+= max (a, 0). 
THEOREM 2. For cm(z) as dqined in (15), with x=x0 we have 
PROOF. Making use of (15), (17) and (19) one has 
c&o) =&(fm; x0)-f&o) =B,(ftt ; x0:0). 
Formula (20) now follows immediately from definition (1) of the Bernstein 
polynomials. 
Now, before we proceed to determine a more explicit expression for 
the c%(x), we give an improved upperbound for them using lemma 2. 
To that end we compare (cf. [a]) f R as given in (19) with a quadratic 
function qn defined by 
(21) 
1 
Q%(X) = - + 21 (x - x0)2. 
8n 2 
The properties of interest of the function qn are given in the following 
lemma. 
LEMMA 3. Let qm be deJined by (21) and let /m be the extremal function 
as given by (19), then we huve 
(i) q%(xo+y) =i.(xo+y) = 2k2+4Ek+1 (k=O, f 1, f 2, . ..). 
(ii) qL(za+ y) =f(xo+2y) =k+$ (k=O, f 1, f 2, . ..). 
(iii) q&4 s=t(x) (x E LO, 11). 
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PROOF. Using (18) it follows by integration from x0 to ~0 + (2k + 1)/2n 
that for k> 0 one has 
,(,+ik$) =;(++t+...+y + qq = 
2k2+2k+l = 4n =*n(za+~). 
By symmetry we get (i) also for k < 0. Relation (ii) is an immediate conse- 
quence of (19) and (21). Taking into account that an(xe) >f*(zo) and the 
fact that qn is convex, property (iii) follows from (i) and (ii). This proves 
the lemma. 
We are now in a position to prove the main theorem of this section. 
THEOREM 3. Foor 12= 1, 2, . . . and aZZ x0 E [0, l] 
(22) c&o) = sup 
IBn(f; X0)-f(xo)I 
fcc’ro. 11 1 
Inon-linear Co f’;- ( > 
< &x0( 1 - x0) + & * 
n 
PROOF. In view of (8) we have 
1 
B&n ; x0) = 4x0( 1 - x0) + - . 8n 
Noting that Bn is a positive linear operator, it follows from property 
(iii) of lemma 3 that one has 
B&n ; xo) - f&o) = B&n ; xo) < Bn(qn ; xo) = &o( 1 - 20) + & . 
Hence, by lemma 2, 
c&o) < ~xo:o(l -x0) + & (n= 1, 2, . ..). 
This proves the theorem. 
REMARK. The estimate (22) compares favourably with (14) ; it is 
simpler and, moreover, yields better results for large values of n. As we 
shall see later on (cf. (27)), inequality (22) becomes an equality in case n 
is odd and 20 =i. In this situation the functions qn and f% coincide at 
the points k/n, k= 0, 1, . . ., n. Hence the Bernstein polynomials of q,, and 
m then are identical. A similar construction is possible for arbitrary x0 # 4. 
We omit the computational details. 
4. THE BEST CONSTANTS 
The purpose of this section is to determine the best constants as defined 
in (16). To this end we proceed from (20) and, replacing xe by x again, 
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we obtain a simple explicit expression for en(z). This is accomplished in 
the next theorem. 
THEOREM 4. 
(23) 
x(1-x) 
c&-g = 2 + & or(l -a) (Ogx<l; a=nx-[nx]). 
PROOF. Using the second part of (6), and 1 being such that 1= [nx], 
we have 
Using this we can write, taking empty sums to be zero, 
&&(x)= i (“-&k(x) + 5 (z$ (x-t -+dx) + 
k-0 s-1 k-0 
+k-z+l (; -x- $..tx) = 
= i (z-k + 1) (x- ;&.(x) - i (z-k);;k+ ‘)pnk(x) + 
k==O k-0 
I)+(x) - 2 @-‘)f;‘- $nk(x) = 
k-1+2 
(24) = kio(z-k+ 1) (L-C- ;)$&&-(x) - i (k-z)(&z-l)pnk(x). 
k-0 
The sums in (24) can easily be evaluated by using (6) and (8), and (23) 
follows. This proves theorem 4. 
REMARK. As LX( 1 -a) < $, theorem 3 now is an immediate consequence 
of theorem 4. 
From theorem 4 we easily obtain the following result of Groetsch and 
Shisha [l]. 
COROLLARY 2. For n= 1, 2, . . . and all x E [0, l] 
G&(x) Q x. 
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PROOF. Taking into account (23) we have 
C,(z)=X-$(n+l)zz<x (0,x2). 
Also, it is immediately clear from (23) that 
x(1 -2) 
c?&(x)< 2 +&5x 
1 
( ) 
x>- . 
n 
COROLLARY 3. If the maxima of q,(x) on the intervals 
’ ‘+l c 1 n’n (Z=O, 1, . . . . n-l), 
are denoted by ml, then one has 
1 
mo<ml<... < m(,l2)-1= Q + ~ 
8(n+ 1) 
(n=2, 4, 6, . ..). 
(25) 1 
m0-cml-c . . . < q,-1)/2 = * + in, (n=l, 3, 5, . ..). 
PROOF. Obviously cm(x) is symmetric with respect to x=4, therefore 
the assertion of the corollary is restricted to [0, 41. From (23) and the 
fact that en(x) is continuous it follows that on each interval 
1 Z+l [ 1 G’--L- (Z=O, 1, . . . . [ 1 9 ), 
c%(z) has exactly one maximum 
mr=&(l+l)(L$-f) at X=-$+. 
In view of this, formulae (25) are easy to verify. We note that in case n 
is odd the absolute maximum of en(x) on [0, l] occurs at x= 4. 
Theorem 4 can also be used to derive the following variant of the well- 
known theorem of Voronovskaja ([2], p. 22). 
COROLLARY 4. POT fE c2[o, 11 
PROOF. From the definition of co(f’ ; 6) it follows that 
sup If’(x)-f’(Y)1 = sup Ix-YllfWI G 
12-vl~Uh~ lz--Ylal/n 
=d n , 1E 
Hence corollary 4 is a consequence of (23). 
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Taking into account definitions (15) and (16), the following theorem 
is an easy consequence of lemma 2, theorems 2 and 4, and corollary 3. 
THEOREM 5. Let f E Cl[O, 11, then for n= 1, 2, . . . one has 
‘+ 
1 
8(n+ 1) 
(n=2, 4, 6, . ..). 
(2’) cm= 
i+L 
8n 
(n=l, 3, 5, . ..). 
Moreover, for each n = 1, 2, . . . the value of c, as given in (27) is best possible 
in (26). 
COROLLARY 5. For all nonlinear fE Cl[O, l] 
m&x I&(f ; 4 - f (4 I 
lim sup n 8°G*G1 
v&+00 
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